Algebra, Number Theory and Combinatorics
(2021)

Problem 1. (Individual round.) Let p be a prime number and @, the field of p-adic
numbers. Let n > 1 be an integer and L = Q,((n), where (,» denotes a primitive
p"-th roots of unity. Determine the image of the norm map Ny q,: L™ — Q. You
may use the inequality [L : Q] < (Q : Np/q,(L*)) without proof in the case n > 2.

Problem 2. (Individual round.) Let k be a field and V" a k-vector space of dimension
n. Consider the group homomorphism:

¢ : GL(V) = GL(A?V), f = A?f.

(1) Determine the kernel of ¢.
(2) Show that ¢ induces a group homomorphism v : SL(V) — SL(A%V). Express
det(A?f) in terms of det(f).

Problem 3. (Individual round.) Let A be a rank 2 integer matrix of size 5 x 3.
Classify all possible groups of the form Z5/AZ3.



Solution to Problem 1. We will show that Ny q,(L*) = p*(1 + p"Z,), where Z,
denotes the ring of p-adic integers.

Let ®(X) = (X" —1)/(X?""" —1) be the p"-th cyclotomic polynomial. Then
®(X +1) is an Eisenstein polynomial. Thus ®(X) is the minimal polynomial of (;n,
so that

Npjg,(1=Gn) = @(1) = p.

We have [L : Q,] = ¢(p™) = p™ — p"~'. For p odd, the ¢(p™)-th power map on

1 + pZ,, is the composition

1+ pZ, % pz, 20 prz, 22 1 4 pz,

Thus
NL/QP(LX) 2 NL/Qp(1 +pr) =1 +anp-

> 2. The ¢(2")-th power map on 1 + 47Z, is the

For p = 2, we may assume n
composition

1442, 2% 47, 220, OCY, gntly, OBy ontly

Thus
Nijgo (LX) D Npjg,(1 4 4Zy) = 1+ 2" 7y,

It is easy to see that
1+ QnZQ _ (1 + 2n+122) H 527L—2(1 + 2n+1Z2)

and
n—2
52 :NL/Q2(2+C4)'

This finishes the proof of Ny q,(L*) 2 p*(1 + p"Z,) in all cases.

Let O denote the integral closure of Z, in L. The residue field of L is [F,,
so that Npq,| o is compatible with the ¢(p™)-th power map on F), which carries
every element to 1. In other words, Npjq,(L*) NZ; = Ny, (0r) C 1+ pZ,.
This finishes the proof in the case n = 1. For n > 2, it suffices to apply the given
inequality (Q) : Ni/q,(L*)) > ¢(p") = (Q) : p*(1 + p"Zy)). O

Solution to Problem 2. (1) If n = 2, then A’V ~ k and ¢(f) € GL(k) is just the
multiplication by det(f), hence the kernel is just SL(V') = SLy. Now assume n > 3.
By definition, f € Ker(¢) if and only if f(x)A f(y) = x Ay for all z,y € V. We claim
x and f(x) are proportional: otherwise expand to a basis e; = x,e5 = f(z), €3, ..., €n,
then we have es A f(e3) = e; A es which is not possible as e; A e; is a basis of A2V,
Hence x and f(x) are proportional for all x € V. This implies that f(z) = ax for
some a € k. Then f(z) A f(y) = a®>x Ay = x Ay, thus a = +1. So the kernel is just
+1d.

(2) First we show the case for elementary matrices: Take a basis ey, -+ , e, of V
and consider the endomorphism f € GL(V) defined by f(e;) = e; + bdy ;e5 for all 4,
where b is a constant. We have (A2f)(e; Aej) =e; Aej+bea Aej for all j > 2, and
for 2 <i < j, (A*f)(e; ANej) = e; Aej. Thus A?f is lower triangular in the basis of
e; A\ e; with 1 on the diagonal, which gives det(A?f) = 1.
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Recall that any matrix of determinant 1 is a product of elementary matrices,
hence by (ii) ¢ sends SL(V) to SL(A?V). Take t in an extension of k, such that
t"det(f) = 1. Then det(tf) = 1 and

1 = det(A2(tf)) = det(t® A% f) = (£2)B)det(A2f),

which gives det(A2f) =t~ = det(f)"L. -

Solution to Problem 3. We can change Z bases of Z° and Z* to turn A in to a
"canonical form". Equivalently, we can do the usual row-column reduction on A.
Since A rank 2 means that AZ3 is a rank 2 subgroup of Z°, which means the free
part of G is Z3. So, in the reduced form A has 3 zero rows, and 2 positive diagonal
entries of all possibilities. We can arrange so that

G~Zla® Z/b® Z*with a > b > 0.

Finally list all possible non-isomorphic torsion part Z/a @ Z/b, by factorizing a, b.
Possible follow up: Generalize this as follows: A is rank k of size m x n with
m > n > k. Classify all possible abelian groups of the form G = Z™/AZ". The
same method would likewise yield G ~ Z/a1 @ -+ ® Z/a,_1, & Z™* with a; > ay >
cee > g > 0. m



